Optical dark solitons described by the generalized nonlinear Schrödinger equation are discussed, and the criterion of soliton instability is presented. This analytical criterion is confirmed numerically for an exactly solvable model of nonlinear saturation.
In contrast to bright solitons, dark solitons appear as intensity dips in an infinitely extended cw background that are accompanied by a nontrivial phase prof ile. Many properties of spatial dark solitons are usually 1 analyzed for the self-defocusing Kerr nonlinearity in the framework of the exactly integrable nonlinear Schrödinger (NLS) equation. However, optical materials displaying strong nonlinear effects are not usually Kerr type, and they exhibit, for example, saturation. Nonlinear properties of such materials can be modeled by the generalized (but nonintegrable) NLS-type equations (see, e.g., Ref. 3 and references therein) that in some cases have exact solutions for dark solitons. 3 -5 The important problem that must then be solved is the stability of dark solitons, which is addressed in this Letter.
The stability of bright (NLS-type) optical solitons and TE 0 nonlinear guided waves is already well understood 6 (see also Ref. 7 and references therein). The important information about the guided-wave instability is extracted from the dependence of the beam power P versus the nonlinearity-induced shift of the propagation constant b. The corresponding bound mode is assumed to be unstable, provided that dP ͞ db , 0.
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In some cases this criterion can be proven by a rigorous analysis of growing modes of the corresponding linearized problem. 6, 8 However, it was also shown that sometimes this criterion fails as, for instance, in the case of TE 0 guided waves of a thin-f ilm slab waveguide with a nonlinear self-defocusing bounding medium. 9 Another and more general basic concept in the soliton stability is the Lyapunov theorem, 10 which, in particular, states that in a dynamical system there exists at least one stable solution if one of the integrals of motion is bounded from below. The important conceptual point for applying the Lyapunov theorem is the fundamental variational principle that says that the exact solutions describing nonlinear guided waves can be obtained from the variational problem d͑H 1 bP͒ 0, where H is the Hamiltonian and P is the power, two invariants of the model (e.g., the scalar wave or NLS-type equations). This amounts to finding a stationary point of H for a fixed power P , with b playing the role of a Lagrange multiplier. Then the function (H 1 bP) may be taken as the Lyapunov function, and the stability problem is reduced to a proof of the existence of a global minimum of the Hamiltonian for a fixed power (see, e.g., Ref. 10). For a singlevalued function H ͑P ͒ the existence of such a minimum can easily be shown, this being generally independent of the change of the sign of dP ͞db (see, e.g., Refs.7 and 9). For a multivalued function H ͑P ͒ we expect some (upper) branches to be unstable.
In this Letter we discuss the stability of dark solitons, a topic that has created a lot of misunderstanding in the past. In particular, Mulder and Enns 3 suggested analyzing the complementary power P c R 12`͑ C 0 2 2 jCj 2 ͒dx as a function of the soliton parameter V . However, it was shown numerically 5 that this criterion does not work. Here we formulate a simple criterion to determine the instability of dark solitons, and we demonstrate it on a particular example of saturable nonlinearity.
We consider the nonlinear propagation of the monochromatic electric field with the complex envelope C in a medium with an intensity-dependent refractive index with a nonlinear part n nl ͑I ͒~F ͑I ͒, where I ϵ jCj 2 . When dF ͑I ͒͞dI , 0, the plane wave in the form C C 0 exp͓iF ͑I 0 ͒z͔ and I 0 jC 0 j 2 is modulationally stable, and such a background can support dark solitons. Introducing the renormalized wave envelope C ! C exp͓2iF ͑I 0 ͒z͔, we describe the problem by the generalized NLS equation
where f ͑x͒ ϵ F͑x͒ 2 F͑I 0 ͒ and z and x are the longitudinal and transverse coordinates, respectively. Dark solitons are stationary solutions of the equation C C S ͑x 2 Vz͒, jCj ! C 0 at jxj !`, where in the spatial case the soliton velocity V def ines the steering angle of the soliton beam, V tan u.
Recently we formulated a variational principle for dark solitons, 11 considering a particular case of the Kerr nonlinearity, F ͑I ͒~I (see also Ref. 12) . This approach can easily be extended to cover a more general case, e.g., that described by Eq. (1). Indeed, it can be shown that Eq. (1) has two important invariants, namely, the Hamiltonian
where G͑x͒ 2 R I 0 x f ͑x 0 ͒dx 0 , and the renormalized momentum
Then steady-state (traveling-wave) solutions satisfy the variational problem
where H and Q are calculated for the soliton solutions. We point out that the integral of motion (3) is just the standard NLS momentum Q 0 with a phase-shift term C 0 2 Df subtracted; i.e., Q ϵ Q 0 2 C 0 2 Df, where Df is the so-called phase jump across the dark soliton. The physical meaning of this renormalized momentum was explained in Ref. 12 (see also Ref. 11).
As mentioned above, in light of Eq. (4) a dark soliton C S ͑x 2 Vz͒ can be viewed now as a stationary point of the Hamiltonian (2) for a fixed momentum (3), with V being a Lagrange multiplier. In turn, this means that we can obtain the necessary information about the guided-mode instability by analyzing the function H H ͑Q͒ and using a simple reasoning usually used in the stability theory of bright solitons. Indeed, for the class of the stationary solutions C S ͑x 2 Vz͒, each value of V corresponds to the values of two integrals of motion H ͑V ͒ and Q͑V ͒ that generate a certain curve H ͑Q͒. According to Eq. (4), the stable stationary solution must correspond to the lowest value of H at fixed Q. This implies that, if we have a single-valued function H ͑Q͒, then the dark soliton must be stable; however, if we have a multivalued H ͑Q͒, then we expect that the stable solutions will correspond to the lower branch with smaller H at fixed Q, whereas the upper branches will be unstable. For a monotonic function H ͑V ͒ the multivalued dependence H ͑Q͒ can be produced only by nonmonotonic dependence Q͑V ͒, i.e., only when the derivative dQ͞dV changes its sign. Therefore we expect that the condition dQ͞dV . 0 will define unstable branches in the dependence H ͑Q͒, if they exist. This sounds similar to the case of bright solitons and nonlinear guided waves, in which in many instances the instability is def ined by the sign of the derivative dP ͞db.
The instability criterion defined by the sign of the derivative dQ͞dV can be confirmed by a rigorous linear stability analysis. Indeed, we linearize Eq. (1) on the soliton background: C͑x, z͒ ͑u S 1 iw S ͒ 1 ͑u 1 iw͒exp͑lz͒ 1 . . . , where u S and w S are the real and imaginary parts of C S ͑x 2 Vz͒, respectively, and the real functions u and w depend only on ͑x 2 Vz͒. Substituting such a solution into Eq. (1) and taking into account only the terms that are linear in u and w, we obtain an eigenvalue problem,
where the corresponding linear operator L depends on u S and w S only. In the vicinity of the instability threshold the growth rate is small, and we can seek the solutions of this linear problem in the form of an asymptotic series in l; u u 0 1 lu 1 1 . . . , w w 0 1 lw 1 1 . . . . In the zero-order approximation we find the so-called neutral mode at l 0 given by u 0 ≠u S ͞≠x, w 0 ≠w S ͞≠x, which describes coordinate translation of the soliton. The first-order correction can also be found analytically: u 1 2≠u S ͞≠V and w 1 2≠w S ͞≠V . To describe the instability threshold, we are interested in localized solutions for u and w. To be spatially localized, such solutions must satisfy the solvability condition of the linear problem, R 12`d x͑u 0 w 2 w 0 u͒ 0, which in the framework of the asymptotic approach can be written as a series in l:
When the growth rate vanishes, this gives us the condition T 0 and also def ines the instability threshold. It may also be shown that the growth rate is positive and real, provided that T . 0, and thus that this condition def ines the values of the soliton parameter V for which the dark soliton becomes unstable. Introducing the momentum Q 0 defined above, we transform the value 2T into the following form:
where we introduce the soliton phase shift as C S ! C 0 exp͑7iDf͞2͒ for x ! 6`. Thus the condition d͞dV ͑Q 0 2 C 0 2 Df͒ ϵ dQ͞dV 0 defines the threshold of instability for the dark soliton.
To demonstrate how the general statement formulated above can be applied to a particular physical problem, we consider here the exactly solvable model for saturable nonlinearity discussed in Ref. 4 :
where I s is the saturation parameter. For Eqs. (1) and (5) there exists an exact solution for dark solitons, 4 and the corresponding invariants H and Q can also be calculated analytically. This permits us to construct the dependence H ͑Q͒, which looks different for various values of the dimensionless parameter g ϵ I s ͞I 0 (see Fig. 1 for two examples of such dependence). If g is larger than a certain critical value g cr , which can be calculated analytically from the model equation (5), the function H ͑Q͒ is single valued, and, according to the Lyapunov theorem, the unique soliton solution is stable (solid curve in Fig. 1 at I s 0.2). For g , g cr the edge point gives rise to the second branch with a negative slope of dH ͞dQ (dashed curve in Fig. 1 at I s 0.08). This branch displays larger values of H at fixed Q, so that it must correspond to unstable solutions. Since the points of the curve H ͑Q͒ are parameterized by the velocity V , the edge of the bifurcation diagram determines the critical value V cr of the soliton velocity. Therefore solitons moving faster than V cr correspond to the lower branch of the diagram and should be stable. On the other hand, solitons with V , V cr correspond to the upper (unstable) branch. Analyzing the dependencies H H ͑V ͒ and Q Q͑V ͒ for Eq. (5), we come to the conclusion that the dramatic change of the bifurcation diagram H ͑Q͒ is determined totally by nonmonotonic behavior of the function Q͑V ͒ for g , g cr (see Fig. 2 ). Therefore the condition dQ͞dV . 0 (which seems to be analogous to the condition dP ͞db , 0 for TE 0 bound modes and bright solitons 7 -9 ) exactly indicates an unstable branch in the dependence H ͑Q͒.
To conf irm the stability criterion formulated above, we present in Figs. 3(a) and 3(b) numerical simulations of the dynamics of a dark soliton for the NLS equation with nonlinearity given by Eq. (5) . Figure 3 (a) illustrates the case when V . V cr , while Fig. 3(b) shows the case when V , V cr . Thus dark solitons with a velocity (or steering angle) smaller than the critical one are unstable.
In conclusion, we have formulated a simple instability criterion for dark solitons that is based on a global behavior of the Hamiltonian H versus the renormalized momentum Q and that reduces to the analysis of the sign of the derivative dQ͞dV . We expect that this criterion can be also useful in determining the stability properties of other types of nonlinear wave with nonvanishing asymptotics, e.g., polarization domain walls.
